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ABSTRACT
In an earlier letter, we reported that dust settling in protoplanetary discs may lead to a dynam-
ical dust-gas instability that produces global toroidal vortices. In this letter, we investigate the
evolution of a dusty protoplanetary disc with two different dust species (1 mm and 50 cm
dust grains), under the presence of the instability. We show how toroidal vortices, triggered
by the interaction of mm grains with the gas, stop the radial migration of metre-sized dust,
potentially offering a natural and efficient solution to the dust migration problem.
Key words: accretion, accretion discs – hydrodynamics – instabilities – planets and satellites:
formation – protoplanetary discs
1 INTRODUCTION
According to the presently accepted paradigm, planets form
through some kind of aggregation process of the dust grains present
in protoplanetary discs. Such aggregation is proposed to lead to the
formation of small planetary embryos of order a km in size, so-
called planetesimals. However, this scenario suffers some severe
problems that challenge our current theoretical understanding (e.g.
Chiang & Youdin 2010). Dust migration is undoubtedly one of the
most severe obstacles for the present planet formation paradigm.
In laminar protoplanetary discs, dust grains bigger than a few cen-
timetres in size suffer such a strong inward migration due to aero-
dynamic drag that, unless some stopping mechanism is found, they
would fall into the central star in less than a few thousand years
(Weidenschilling 1977). Several mechanisms have been proposed
in order to prevent such a strong migration, the vast majority of
them involving some sort of dust trapping mechanism.
One possible way to trap solids in a disc that has been thor-
oughly investigated during the last years is the streaming instabil-
ity (Youdin & Goodman 2005; Youdin & Johansen 2007; Jacquet,
Balbus & Latter 2011; Yang & Johansen 2014). Triggered by local
enhancements of the dust-to-gas ratio and a strong dust-gas drag,
it can create dust clumps that may be the progenitors of planetes-
imals, although it is not completely clear yet how this mechanism
will lead to the formation of planets in a realistic scenario (see, for
example, Drazkowska & Dullemond 2014). Another recently pro-
posed mechanism is the formation of dusty rings in protoplanetary
discs due to the photoelectric instability (Lyra & Kuchner 2013).
Unfortunately this instability can only operate in low mass, opti-
cally thin discs. It is consequently difficult to use as a universal
mechanism to prevent dust migration. Vortices have also been pro-
posed as potentially effective mechanisms to trap dust (Barge &
Sommeria 1995; Tanga et al. 1996; Klahr & Bodenheimer 2006).
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In recent years, two different vortex-production mechanisms have
been intensively investigated: the baroclinic instability (Godon &
Livio 1999; Klahr & Bodenheimer 2003; Johansen et al. 2004;
Klahr 2004; Petersen et al. 2007; Raettig, Klahr & Lyra 2015) ca-
pable of producing vortices due to the presence of an hydrody-
namical instability driven by an entropy gradient in the disc, and
the Rossby wave instability (Lovelace et al. 1999; Li et al. 2001;
Varnie`re & Tagger 2006; Inaba & Barger 2006; Lyra et al. 2009;
Meheut et al. 2012) driven by the presence of a pressure extremum.
Recently, a new vortex-producing scenario was proposed by Lore´n-
Aguilar & Bate (2015a). A new type of instability in protoplanetary
discs, caused by the settling of intermediately-sized dust grains (∼
1 mm), was shown to be capable of developing global toroidal vor-
tices in the gas component of the disc. Due to the strong coupling
between the dust and gas components, dust grains become trapped
in the vortices forming a set of dust rings throughout the disc. Af-
ter saturation of the instability, the radial wavelength of the density
perturbations is roughly equal to the thickness of the dust layer (see
Lore´n-Aguilar & Bate (2015a) for more details).
The resulting perturbed disc configuration offers a promising
solution to the dust migration problem. Due to the circulation in-
duced by the vortices, high density (and hence pressure) regions
are created, and they may potentially act as a dust trap. Interest-
ingly enough, a model that strongly resembles this configuration
was thoroughly studied by Pinilla et al. (2012). According to their
work, a sinusoidal perturbation in the radial gas surface density pro-
file of a protoplanetary disc would allow dust grains at large radii
to stop their inward migration and grow in size, thereby explain-
ing mm-observations of young discs in the Taurus, Ophiuchus and
Orion Nebula Cluster star-forming regions. The authors discussed
various possible explanations for the origin of such density pertur-
bations, such as the Rossby wave instability or zonal flows due to
the magnetorotational instability.
In this letter, we show that the instability reported by Lore´n-
Aguilar & Bate (2015a) naturally produces such radial perturba-
tions of the gas surface density, and thereby offers a potential so-
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Figure 1. Top panels: The azimuthally-averaged gas (top left) and dust (top right) densities with velocity vectors are shown for the calculation with only 50-cm
dust. The dust quickly settles to the mid-plane, and then rapidly migrates inward due to the drag interaction with the gas. Bottom panels: The azimuthally-
averaged gas (bottom left) and dust (bottom right) densities with velocity vectors for the calculation including both 1-mm and 50-cm dust, after the onset of
the instability. The 1-mm dust grains are entrained in the gas vortices, forming a characteristic wave-like structure in the disc cross-section. On the contrary,
the 50-cm dust grains become trapped in the inter-vortex regions, stopping their inward migration. They correspond to the high-density dust concentrations at
the disc mid-plane. Note that the gas density is shown in linear scale so that the radial pressure variations at the mid-plane can be seen in the bottom left panel,
while the dust density is shown in logarithmic scale. Also, the velocity vectors are scaled differently for the two calculations.
lution to the dust migration problem. We report the results from
three-dimensional numerical simulations of dust settling in a pro-
toplanetary disc using a two-fold population of dust grains, with
sizes of 1 mm and 50 cm, along with the results from a control
calculation that only contains 50-cm grains. The paper is organ-
ised as follows. In Section 2, we describe the numerical method
and initial conditions that we use for hydrodynamical simulations
of dusty protoplanetary discs. Results from, and discussion of, our
calculations are presented in Section 3, and in Section 4 we give
our conclusions.
2 NUMERICAL METHOD
To perform numerical simulations of dusty protoplanetary discs, we
have used the three-dimensional smoothed particle hydrodynam-
ics (SPH) (Lucy 1977; Gingold & Monaghan 1977) code, sphNG
(Bate 1995; Ayliffe et al. 2012), which has been used to study a va-
riety of astrophysical fluid dynamical systems. For the simulations
performed for this letter, the code uses two populations of SPH
particles: gas and dust. The latter only evolves under the action of
gravity and a drag force. In order to perform the time-integration
of the dust-gas drag force, we use the semi-implicit integration
method of Lore´n-Aguilar & Bate (2014), including the improve-
ment of Lore´n-Aguilar & Bate (2015b).
The simulations follow the time evolution of locally-
isothermal circumstellar gas/dust discs. The central star was mod-
elled as a gravitational point mass, M∗ = 1 M, the mass of the
gas component between the inner and outer radii was set to be
≈ 0.003 M (similar to the minimum-mass Solar nebula), and the
mass of the dust component was determined by the initial dust-to-
gas ratio  = 0.01. The gaseous component of the disc had an outer
radius of r = 16.1 AU, with an inner boundary at r = 2.6 AU, the
latter chosen to avoid having particles with excessively short inte-
gration time-steps. The radial boundaries of the gas were treated
using ghost particles. The modelled discs were locally-isothermal
with radial temperature profiles T ∝ r−1, vertical gas scale heights
H/r = 0.04, and uniform in surface density. Self-gravity was
neglected. The calculations were performed with a resolution of
Np = 3 × 106 SPH particles. In each case, approximately 1/3 of
the particles were dust particles. A purely gaseous disc was set up
and relaxed, before the dust was added. The initial dust-to-gas ra-
tios were small enough to avoid significant perturbations of the gas
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Figure 2. Azimuthally-averaged gas (short-dashed lines) and dust (solid lines) radial velocity profiles at the mid-plane for the 50-cm case (top panel), and
1-mm + 50-cm case after the onset of the instability (bottom panels). In the 50-cm case (top panel), the dust migrates inwards at a rate close to that expected
from equation 2 (long-dashed line). However, when both 1-mm and 50-cm grains are included, the radial velocity of the 50-cm dust grains is drastically
reduced near gas density maxima (bottom right). On the contrary, 1-mm dust grains (bottom left) remain strongly coupled to the gas. Note that the Keplerian
velocity at 8.5 AU is 1.0× 106 cm s−1.
hydrostatic equilibrium when the dust was added. The dust grains
were introduced into the discs following the relaxed gas density dis-
tribution, but with minimum and maximum orbital radii of r = 5.2
AU and r = 15.6 AU, respectively. The dust grains were assumed
to be spherical, with intrinsic dust grain densities of ρˆD = 3.0
g cm−3. We performed two simulations: one with only dust grains
50 cm in radius, and the other with mixture of dust grains with radii
of 1 mm and 50 cm. In both calculations,  = 0.01, but in the lat-
ter each type of dust comprised half of the total dust mass and was
modelled using half of the total number of SPH dust particles.
3 RESULTS AND DISCUSSION
In Fig. 1, we present results from the two simulations. In the upper
panels, we show gas (top left) and dust (top right) density render-
ings of the simulation with only one dust population (50 cm). In the
lower panels, the gas (bottom left) and dust (bottom right) density
rendering of the protoplanetary disc simulation with two different
dust grain populations (1-mm and 50-cm dust grains) is displayed.
As expected, if only the 50-cm dust grains are present the dust-gas
instability doesn’t develop, and the gas component remains stable
(top left). Vortices do not develop because the coupling between
the dust and gas is weak, the dust settles quickly, and the instability
does not have sufficient time to develop. After settling, the 50-cm
dust migrates inward as expected due to drag with the gas, which
has sub-Keplerian rotation. If the gas radial pressure profile at the
mid-plane can be expressed as P ∝ r−n, the gas will rotate at a
slightly sub-Keplerian velocity given by
vφ,gas = vK(1− η)1/2, (1)
where η = nc2s/v2K, cs is the gas sound speed and vK is the Ke-
plerian velocity. Then, the friction between the gas and the dust
(which rotates at the Keplerian velocity in the absence of drag) in-
duces a radial drift of dust particles with velocity (see, for example,
Armitage 2010)
vr =
St−1vr,gas − ηvK
St + St−1
, (2)
where St = ΩKts is the Stokes number of the dust grains, ΩK is the
Keplerian angular velocity, ts = ρˆDs/vthρG is the dust stopping
time in the Epstein regime, ρˆD is the dust grain intrinsic density, ρG
is the gas density, s is the dust grain radius, vth = cs
√
8/pi, and
vr,gas is the radial velocity of the gas. In the top panel of Fig. 2 the
radial velocity of the dust grains as a function of the local Keplerian
velocity is plotted (solid line) versus the analytical expectation ob-
tained by using equation 2 (long-dashed line) with our simulation
parameters (s = 50 cm, n = 2) and vr,gas and ρG taken from the
simulation. As can be seen, there is reasonable agreement between
the simulated radial migration speed of the dust and the prediction
of equation 2 — on average the migration rate is about 15% slower
than the analytical prediction. There is some numerical velocity
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Figure 3. Azimuthally-averaged gas (short-dashed lines) and dust (solid lines) radial density profiles at the mid-plane for the 50-cm case (upper panel), and
the 1-mm + 50-cm case after the onset of the instability (bottom panels). In the 50-cm case, the gas radial density profile remains smooth and the dust density
shows no significant structure. However, when both 1-mm and 50-cm grains are included, the 50-cm dust grains pile up at gas density maxima (bottom right),
while the 1-mm dust grains (bottom left) concentrate at the centre of the vortices, where the gas density has local minima.
dispersion, but note that the Keplerian velocity at these radii is
vK ≈ 1×106 cm s−1, and the sound speed is cs ≈ 4×104 cm s−1
(i.e. much larger than the numerical dispersion). This demonstrates
that our method produces the expected radial migration of large
dust grains in a laminar disc. In the top panel of Fig. 3 the dust
and gas azimuthally-averaged radial density profiles are shown at
the mid-plane. The gas density profile is smooth, as expected for a
disc in hydrostatic balance, whereas the dust density profile shows
small fluctuations with no systematic structure.
If 1-mm dust grains are included in the simulation, global
coherent vortices appear (bottom left panel of Fig. 1) in the gas
component. Due to the strong drag suffered from the gas (St ≈
1 × 10−2) the 1-mm grains accumulate in the vortices, forming
the characteristic wave-like structure that can be appreciated in the
bottom right panel of Fig. 1. As in Lore´n-Aguilar & Bate (2015a),
the wavelength of the resulting density perturbations in the gas is
approximately equal to the thickness of the 1-mm dust layer. We
have been able to model the vortices for several hundred orbital
periods, and find them to be stable. The fractional oscillations in
the gas radial density profile have an amplitude of ∼ 2% (bottom
panels of Fig. 3). On the contrary, the 50-cm dust grains (St ≈ 7)
are not coupled well enough to the gas to be entrained by the vor-
tices and they quickly settle into the mid-plane. They correspond to
the high-density regions located at the disc mid-plane in the bottom
right panel of Fig. 1. Their radial migration, however, is stopped by
the presence of the vortices. Local pressure maxima are created in
the inter-vortex regions (bottom left panel of Fig. 1), and the 50-cm
dust grains migrate into them and are subsequently trapped.
In the lower panels of Fig. 3, the azimuthally-averaged radial
density profiles of gas and dust at the mid-plane are presented. The
presence of the vortices can be easily seen in the perturbed gas den-
sity profile, showing the aforementioned local minima and max-
ima. In the bottom left panel, the 1-mm dust and gas densities are
compared, demonstrating the trapping of the small dust grains by
the vortices (paradoxically corresponding to the pressure minima).
This counterintuitive result can be understood as follows. Due to
the vertical component of gravity, the 1-mm dust grains tend to
settle towards the disc mid-plane. However, they are also strongly
dragged by the gas. The 1-mm grains near the centres of the vortices
are already near the mid-plane and the gas slowly circulates around
the mid-plane, so there is nothing to move them away. On the con-
trary, and as can be appreciated in the bottom panels of Fig. 1, gas
in the inter-vortex regions strongly drags the 1-mm grains away
from the mid-plane, lowering its mid-plane density (and produc-
ing the wave-like distribution of small dust). Conversely, in the
bottom right panel of Fig. 3, comparison of the 50-cm dust and
gas radial density profiles shows that the large dust is concentrated
in local pressure maxima. In the bottom left panel of Fig. 2, the
azimuthally-averaged gas and 1-mm dust radial velocity profiles at
the mid-plane are shown, illustrating the entrainment of the small
dust by the gas vortices. In the bottom right panel, the azimuthally-
averaged gas and 50-cm dust radial velocity profiles at the mid-
plane are shown, demonstrating how the large dust grain migration
c© ??? RAS, MNRAS 000, 1–5
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is stopped at the local pressure maxima. It should be noted that al-
though large grains located between the pressure maxima still have
substantial inward velocities, at this point in the calculation the vast
majority of the large grains are already located at the pressure max-
ima (c.f. Fig 3) and have negligible radial velocities. The few large
grains between pressure maxima will continue to migrate into the
pressure maxima and be trapped.
The overall result is that the dust is agglomerated into rings
throughout the disc, but that the radial locations of the rings are
anti-correlated. The small grains accumulate at the the centres of
the toroidal vortices, while the large grains accumulate between the
vortices at pressure maxima. This clearly demonstrates that dust ac-
cumulation in protoplanetary discs, and its relation to the gas dis-
tribution, may be very complex. An obvious next step for future
calculations is to investigate the behaviour of dust populations that
have continuous grain size distributions (e.g. power-laws), but this
is beyond the scope of this letter.
4 CONCLUSIONS
We have investigated the evolution of a two-fold population of dust
grains with sizes of 1 mm and 50 cm, within a gaseous protoplan-
etary disc. We find that the same instability as published by Lore´n-
Aguilar & Bate (2015a) is developed if the 1-mm dust grains are
included in the simulation, regardless of the presence of 50-cm
dust grains. After the development of the instability, dusty toroidal
gaseous vortices are formed, entraining the 1-mm dust particles.
The presence of such vortices creates a perturbed gas radial den-
sity profile, capable of stopping the migration of 50-cm dust grains
by trapping them in pressure maxima created in the inter-vortex re-
gions. The wavelength of the resulting mid-plane gas density per-
turbations is approximately equal to the thickness of the layer of
small dust, with a relative amplitude of a few percent with respect to
the unperturbed state. It is interesting to note the close resemblance
of the present scenario with the model presented in Pinilla et al.
(2012) where a sinusoidal perturbation of the surface density pro-
file of a disc was used to explain mm-observations of the outer parts
of young protoplanetary discs and the inferred large grain sizes. Al-
though the physical prescription included in our simulations is still
rather simple, the toroidal vortex instability may offer a simple and
natural way to solve the dust migration problem.
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